ABSTRACT Nano-fibres in composite materials may not be cylindrical. A theoretical analysis shows that non-cylindrical nano-fibres have longer critical lengths leading to composites with different mechanical properties requiring a lower volume of reinforcing material.
INTRODUCTION
In this paper we show that the critical length, L c , of nano-fibres in composite materials depends on their shape. There is considerable current interest in reinforcing composite materials with nano-fibres [1] . Nano-fibres in biological composites need not be cylindrical [2] and non-cylindrical nanotubes have been synthesised [3] . In principle, the conclusions of this paper can be applied to fibres of any scale; in practice, the shapes we consider are more likely to be encountered for nano-fibres. The value of L c affects the strength and toughness of composite materials [4, 5] . Thus the possibility exists of fabricating bio-inspired nano-composites with different mechanical properties by changing fibre shape.
THEORY
The concept of L c arises from consideration of the mechanism of stress transfer to a fibre in a composite. Consider a single fibre, surrounded by a weaker matrix, with a uniaxial tension applied in the fibreaxis direction [4] . Application of this tension will lead to deformation of the matrix and, hence, to a shear stress, τ, at the interface with the fibre. This shear stress places the fibre in tension; the tension in the fibre then balances the applied tension so that the system is in equilibrium, i.e. the fibre reinforces the matrix. Initially, matrix deformation will be elastic but will become plastic when the applied tension is sufficiently high [6] ; τ is then constant along the length of the fibre [4] .
Unlike macroscopic fibres, nano-fibres need not resemble cylinders [2, 7] . The non-cylindrical shapes we consider have the conical, paraboloidal and ellipsoidal tapers shown in Figure 1 . They have a maximum radius, r 0 , at their centre defined by z=0. Here, z represents an axial displacement along a fi-
In general, the axial stress in a fibre is given by [7] (1)
The function f(z) depends on the fibre shape; Table  1 gives the form of f(z) for each of the shapes shown in Fig. 1 .
When the maximum stress in a fibre is equal to the fracture stress, σ f , of its material, the fibre length is equal to: (2) This result was obtained from equation 1 by substituting σ f for the maximum stress and noting that the stress is a maximum at the fibre centre whose radius is r 0 . Here f(0) is the value of f(z) at the centre of the fibre. Table 1 We define the critical volume, V c , of a nano-fibre as the volume of a fibre whose length is equal to L c so that:
where r(z) is the radius as a function of z. Table 2 lists expressions for r(z) for each of the fibre shapes shown in Fig. 1 . Table 1 shows that non-cylindrical nano-fibres have larger L c values than cylindrical fibres with the same value of r0. For a nano-fibre with a conical taper, the L c value is twice that for the cylinder. Using noncylindrical nano-fibres also requires less material as [7] . However, the previous publication [7] defined the fibre length to be 2L and used an axial coordinate Z = z/L. Note also that, except for the conical taper, the equations for f(z) apply to z ≥ 0.
RESULTS
(A) Table 2 : The axial dependence of fibre radius, r(z), and the critical volume, V c , calculated from it using equation 3, for each of the fibre tapers shown in Figure 1 . The forms of r(z) were calculated from published results [7] , in the limit that their dummy variable, R → 0. However, the previous publication [7] defined the fibre length to be 2L and used an axial coordinate Z = z/L. Note also that, except for the cylindrical taper, the equations for r(z) apply to z ≥ 0.
demonstrated by the values of V c in Table 2 . For a conical nano-fibre it is only 2/3 the value for a cylindrical fibre with the same radius (at its centre) when subjected to the same interfacial shear stress.
DISCUSSION
A conical nano-fibre has an L c value that is twice that of a comparable cylindrical fibre (Table 1) . A composite reinforced with nano-fibres that have a conical taper ( Figure 1B ) therefore has different strength [4] and toughness [5] than a composite reinforced by cylindrical fibres. Other non-cylindrical shapes show a similar effect but not to the same extent as a nano-fibre with a conical taper, i.e. a nanofibre whose radius tapers linearly from a maximum value of r 0 , at its centre, to zero at its two ends. In all cases, tapered fibres use less material (Table 1) than cylindrical fibres of the same length; we justify this by a comparison of the critical volume of the fibres, at their respective critical lengths. It would appear worth making composite materials using tapered nano-fibres; tapered carbon nano-fibres [3] provide examples of possible reinforcing materials.
